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In this paper the authors obtain existence and multiplicity results for the following class
of p-fractional Kirchhoff-type problems with a critical exponent:

(1) M(‖u‖pλ)
[
λ(−∆)spu+V (x)|u|p−2u

]
= |u|p

∗
s−2u+ f(x, u) in RN ,

where (−∆)sp is the fractional p-Laplace operator with 0 < s < 1 < p < N
s , p∗s = Np

N−sp
is the critical fractional exponent, λ > 0 is a parameter, and f :RN × R → R is a
Carathéodory function. Here,

‖u‖λ = (λ[u]ps,p + ‖u‖pp,V )
1
p ,

where

[u]ps,p =

∫∫
R2N

|u(x)−u(y)|p

|x− y|N+sp
dxdy

and

‖u‖pp,V =

∫
RN

V (x)|u|pdx,

and the functions M and V satisfy the following assumptions:

(M) M ∈ C(R,R) and there exist θ ∈ (1,
p∗s
p ] and 0<m0 ≤m1 such that

m0t
θ−1 ≤M(t)≤m1t

θ−1 for all t ∈ R+
0 ;

(V ) V ∈ C(RN ,R), V (x0) = minx∈RN V (x) = 0 and there exists h > 0 such that the
Lebesgue measure of {x ∈ RN : V (x) < h} is finite; there exists ρ > 0 such that
lim|y|→∞meas({x ∈Bρ(y) : V (x)< c}) = 0 for any c ∈ R+.

Firstly, when θ ∈ (1,
p∗s
p ) in (M) and f satisfies the following conditions:

(f1) there exists q ∈ (θp, p∗s) such that for any ε > 0 there exists Cε > 0 such that

|f(x, t)| ≤ θpε|t|θp−1 + qCε|t|q−1 for a.e. x ∈ RN and all t ∈ R,

(f2) there exists q1 >
m1θp
m0

such that

q1F (x, t)≤ f(x, t)t for all (x, t) ∈ RN ×R,

(f3) there exists q2 ∈ (θp, p∗s) such that F (x, t)≥ a0|t|q2 for a.e. x ∈ RN and all t ∈ R,

the authors use the mountain pass lemma, a concentration-compactness argument, and
index theory to prove that for any λ > 0 there exists λ∗ > 0 such that (1) has a nontrivial
solution uλ for any λ ∈ (0, λ∗) which satisfies

(2) ‖uλ‖pλ ≤
(

θpq1
m0q1−m1θp

) 1
θ

σ
1
θ λ

p∗s
p∗s−θp ,

where σ = 1
q1

(1− m1

m0
) + 1

θp −
1
p∗s

. In addition, if f(x, t) is odd with respect to t, then for

any m ∈ N there exists λm > 0 such that (1) admits at least m pairs of solutions uλ,i
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(i= 1, . . . ,m) which satisfy (2) whenever λ ∈ (0, λm].

Secondly, when θ =
p∗s
p in (M), 2≤ p < N

s , f(x, t) is odd with respect to t and satisfies

the following conditions:

(f4) there exists q ∈ (p, p∗s) such that for any ε > 0 there exists Cε > 0 such that

|f(x, t)| ≤ pε|t|θp−1 + qCε|t|q−1 for a.e. x ∈ RN and all t ∈ R,

(f5) there exists q1 ∈ (θp, p∗s) such that F (x, t)≥ a0|t|q1 for a.e. x ∈ RN and all t ∈ R,

the authors use Krasnosel′skĭı’s genus theory and Clark’s theorem to deduce that (1)

has infinitely many pairs of distinct solutions for any λ > 2pS−
p∗s
p /m0, where S > 0 is

defined as

S = inf
u∈Ds,p(RN )\{0}

[u]ps,p
|u|pp∗s

.

Vincenzo Ambrosio

References

1. E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev
spaces, Bull. Sci. Math. 136, (2012), no. 5, 521–573. MR2944369

2. T. Bartsch and Z.-Q. Wang, Existence and multiplicity results for some superlinear
elliptic problems on RN , Commun. Partial Differ. Equ. 20, (1995), no. 9–10,1725–
1741. MR1349229
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